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Abstract In the field of minimally-actuated robots, energy
efficiency and stability are two of the fundamental criteria
that can increase autonomy and improve task-performance
capabilities. In this paper, we demonstrate that the energetic
cost of leg swinging in dynamic robots can be reduced with-
out significantly affecting stability by emulating the physi-
ological use of passive joint stiffness, and we suggest that
similar efficiency improvements could be realized in dy-
namic walking robots. Our experimental model consists of a
two-segment dynamically swinging robotic leg with hip and
knee joints. Closed-loop control is provided to the hip us-
ing neurally inspired, nonlinear oscillators that do not over-
ride the leg’s natural dynamics. We examined both linear
and nonlinear, physiologically based stiffness profiles at the
hip and knee and a hyperextension-preventing hard stop at
the knee. Our results indicate that passive joint stiffness ap-
plied at one or both joints can improve the energy efficiency
of leg swinging by reducing the actuator work required to
counter gravitational torque and by promoting kinetic en-
ergy transfer between the shank and thigh. Energetic cost re-
ductions (relative to the no-stiffness case) of approximately
25% can be achieved using hip stiffness, provided that the
hip actuation bias angle is not coincident with gravity, and
cost reductions of approximately 66% can be achieved using
knee stiffness. We also found that constant stiffness com-
bined with a limit on knee hyperextension produces compa-
rable results to the physiological stiffness model without re-
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quiring complex implementation techniques. Although this
study focused on the task of leg swinging, our results sug-
gest that passive-stiffness properties could also increase the
energy efficiency of walking by reducing the cost of forward
leg swing by up to 66%. We also expect that the energetic
cost of walking could be further reduced by adding stiff-
ness to the ankle to assist in the propulsive portion of stance
phase.

Keywords Passive dynamics · Joint stiffness ·
Antagonistic actuation · Walking robots

1 Introduction

Energy conservation is an important consideration in ani-
mal locomotion, as it often dictates or at least influences
the form of movements that are used to perform a behav-
ior (Sparrow et al. 2000). For example, the transition be-
tween gaits as animals change speed often occurs when the
energy required to remain in the current gait increases be-
yond that of an available alternate gait (Sasaki and Neptune
2006). The two primary energy-conserving mechanisms in
human walking are (1) the passive transfer of kinetic and
gravitational potential energy (Cavagna and Margaria 1966)
and (2) the passive storage and release of energy by elastic
tissue components (McMahon et al. 1987; Blickhan 1989;
Hof 1990). Using the inverted pendulum model of walking,
it has been shown that the maximum theoretical efficiency
of the first energy saving mechanism is only 65%, leaving
a substantial amount of energy to be either lost or stored
and reused by passive elastic components (Sasaki and Nep-
tune 2006). The vast majority of walking robots lose this en-
ergy by ignoring the potential benefit of using passive elas-
tic components at their joints. In this paper, we first describe
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the role of passive stiffness in current robot actuation sys-
tems. We then detail how animals use the passive-stiffness
properties of muscle to improve their locomotion efficiency.
Finally, we present a series of experiments that analyze the
benefit elastic energy storage can provide passive-dynamic
robots during leg swinging. We demonstrate that passive
stiffness applied at the hip or knee or both can lower the
energetic cost of leg swinging (1) by promoting the efficient
transfer of mechanical energy and (2) by assisting the actu-
ators in producing anti-gravity joint torques.

2 Background

Bipedal robots are typically designed using either the traj-
ectory-control approach, which rigidly dictates joint angles,
or the passive-dynamic approach, which uses no actuators
and requires a small downhill slope for input energy.

Trajectory-control robots have traditionally been focused
primarily on task/behavior performance (e.g., walking, run-
ning, balancing, hopping). As a result, the designers have
chosen to place a low priority on energy efficiency, opt-
ing instead to use inefficient, highly geared actuators to
achieve precision movements (Hirai et al. 1998; Yamaguchi
and Takanishi 1997; Ogura et al. 2004; Loffler et al. 2002;
Endo et al. 2005; Kaneko et al. 2004; Kim et al. 2005).
In general, relatively high work rates are required in these
robots because the frequencies of their movements are not
matched to the corresponding limbs’ natural frequencies.
For robots that perform stereotypical, rhythmic movements
such as walking, passive elasticity could be used to alter a
joint’s natural frequency such that the difference between
the desired movement frequency and the natural frequency
is reduced. This reduction would lower the actuation work
required (Doke et al. 2005) and improve the robot’s effi-
ciency for this task. Passive elasticity could also be used to
reduce actuator loads by assisting with anti-gravity move-
ments.

Passive-dynamic robots (McGeer 1990a, 1990b) have the
potential to use passive joint stiffness to alter their natural
dynamics, energy efficiency, and stability, but this approach
has not yet been thoroughly explored and has not yet been
tested in physical implementations of this type of robot. Pre-
vious passive-dynamic walking robots have operated with
an energy efficiency approximately equal to that of human
walking (Collins and Ruina 2005). By adding minimal ac-
tuation, these robots can increase their stability region by
expanding the range of initial and environmental conditions
that can be tolerated while still maintaining an appropriate
level of mechanical energy. The key to efficiency in these
robots, though, is to use actuator work sparingly so that
movements can follow the natural leg dynamics and remain
largely passive throughout much of the gait cycle. Series-
elastic actuation (Williamson 1995; Pratt and Williamson

1995) is one method used to minimize actuator work and
has been used previously in non-passive-dynamic robotic
devices (Wisse et al. 2007; Migliore et al. 2005, 2007;
Yamaguchi and Takanishi 1997; Kolacinski and Quinn
1998; Robinson et al. 1999). By emulating the series (active)
elastic component from the Hill muscle model (Hill 1970),
this technique reduces the parasitic effect of actuators, free-
ing the leg to move naturally. The parallel (passive) elas-
tic component from the Hill muscle model provides joints
with elasticity that is independent of actuator output. In an-
imals, the parallel elastic component models the intramus-
cular connective tissue and generally provides the majority
of the passive force production (Brinckmann et al. 2002).
This study explores whether dynamic robots can exploit this
parallel elastic component to improve the energy efficiency
of physical movements.

The inspiration for incorporating passive elasticity in
walking robots comes from animals, which use their mus-
cles and tendons as both actuators and sources of compli-
ance (i.e., the inverse of stiffness) for joints. Actuation is
used to produce voluntary movements and to modify nat-
ural movements, such as those that occur during passive-
dynamic leg swinging. Musculotendon compliance allows
joint movements to be influenced by natural limb dynam-
ics and by the environment. Musculotendon compliance also
provides animals with the ability to temporarily store energy
during one phase of a movement so that it can be recovered
at a later phase when it is useful for the behavior being per-
formed. For example, in human walking, elastic energy is
stored in the Achilles tendon and the arch of the foot dur-
ing stance. At toe-off, this passively stored energy is used
to supplement active muscle torque such that only a portion
of the total push-off force produced by the ankle requires
the expenditure of active energy. The amount of mechanical
energy stored and released passively during human walking
has been estimated to be as much as 50% of the body’s to-
tal mechanical energy (Alexander and Bennet-Clark 1977;
Ker et al. 1987).

Animals store and release energy from passive elas-
tic components to reduce the metabolic costs associated
with rhythmic movement. Without passive energy storage,
quickly reversing a leg’s swing direction would require mus-
cles to actively produce negative work to decelerate the leg
and then to produce positive work to accelerate it in the op-
posite direction. Both phases cost energy: negative work ex-
pends energy as heat dissipation, and positive work requires
the consumption of metabolic energy. Passive elasticity re-
duces the energy demand by storing energy during the neg-
ative work phase and releasing energy during the positive
work phase. Although this mechanism is not 100% efficient
and still requires supplemental active muscle work, the total
level of metabolic energy required to perform the behavior
is reduced.
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In addition to providing a means of efficiently storing and
releasing energy, passive stiffness is also used by animals
to prevent injuries and to stabilize motion (Wheeless 2005).
Passive joint stiffness results from the physical properties of
the muscles that span it. The lengths, attachment points, and
passive tensile forces of all such muscles vector sum to pro-
duce a passive-stiffness trajectory that is a function of the
joint angle and, in the case of multiarticular muscles, of the
neighboring joint angles. Because the resting length of mus-
cles generally lie within the middle of the actuated joint’s
range of motion, passive restoring torques are generally di-
rected away from extreme angles.

The goal of this research was to study the efficacy of pas-
sive (actuator-independent) elasticity in reducing the actua-
tor work required to produce leg swinging. Specifically, we
tested the following hypotheses:

• The addition of passive hip stiffness to a compliant swing-
ing leg can reduce energetic cost by producing anti-grav-
ity torques that lower the amount of actuator work re-
quired for leg swinging.

• The addition of passive knee stiffness to a compliant
swinging leg can reduce energetic cost by promoting the
efficient transfer of kinetic energy between the shank and
thigh during swinging movements, increasing the stride
length.

3 Swinging leg model

To study the dynamics of human leg swinging, a model
of a full-scale adult female human leg was developed and
was implemented both computationally and robotically. The
computational implementation allowed us to quickly ana-
lyze the effect of individual control system parameters on
system behavior; the robotic implementation allowed us to
validate the computational results in a physically realis-
tic setting that is directly applicable to legged robots. The
model was designed anthropomorphically such that the limb
segments’ mass, length, center of mass, and moment of iner-
tia closely matched the target human leg. A full description
of the leg model can be found in Migliore (2008). The ro-
botic implementation of the leg model is shown in Fig. 1.

The leg model has a biologically inspired control sys-
tem that uses a neural central pattern generator (CPG)
(Brown 1914) based on the Matsuoka Half-Center Oscil-
lators (HCO) (Matsuoka 1985, 1987). The hip joint is ac-
tuated with one HCO and the knee is left passive. We
chose not to actively control the knee in these experi-
ments so that comparisons could be made with existing
walking robots that use passive knees (Wisse et al. 2007;
Collins and Ruina 2005) and so that predictions regarding
the potential benefit of using passive stiffness with these ro-
bots. All inter-joint synchronization that occurs as the leg

Fig. 1 Robotic implementation of the swinging leg model

swings is a result of the mechanical coupling between the
joints and angular feedback from the hip joint to the HCO.
The sensory feedback between the hip and the HCO allows
the HCO’s oscillation frequency to entrain to the mechanical
resonant frequency of the mechanical system. This behavior,
called resonance tuning, is seen in biological systems (Hat-
sopoulos 1996; Abe and Yamada 2003; Rossignol 1996) and
is common in rhythmically controlled movement and has
been studied previously in robotic systems (Simoni 2002;
Williams and DeWeerth 2007). As in many legged animals
(including humans), our model also includes an asymmet-
ric limit to knee-angle extension that prevents the knee from
extending more than a few degrees past the anatomical posi-
tion (i.e., straight leg). In humans, this restriction is caused
by knee flexion muscles and the physical construction of
the knee, including stabilizing ligaments such as the ante-
rior cruciate ligament.

Parameter values were chosen in various ways. Most
of the HCO parameters were selected using published val-
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Table 1 Ideal mechanical properties of each leg segment. The center
of mass and moment of inertia are referenced from the proximal extent
of the segment

Segment Length Mass CoM MoI

(cm) (kg) (cm) (kg m2)

Thigh 40.4 6.24 17.5 0.297

Shank/foot 47.0 3.81 28.5 0.454

Total leg 87.4 10.1 39.0 2.40

ues know to work well for the control of robotic sys-
tems (Williamson 1999). The leg mass properties were cho-
sen by determining the anthropologically appropriate values
(Table 1). The values for the initial conditions were cho-
sen so that the leg was initiated with an acceptable energy
level. The remaining parameters were chosen using 2,500-
trial Monte Carlo optimizations that minimized the energetic
cost required to track the HCO outputs.

Physical implementation was used because this research
is intended to be directly applicable to the improvement
of legged robotics. In addition, the physical implementa-
tion necessarily includes real-world imperfections such as
parameter mismatch, difficult-to-model friction, and signal
noise. In this implementation, the robotic leg swings freely
with its hip mechanically grounded to a supporting platform.
DC motors directly drive each joint via cables. The gear ratio
of the motors was kept low to minimize the parasitic effects
of motor friction, damping, and inertia at the joints. Virtual
model control (Pratt et al. 1997) was used to implement pas-
sive viscoelasticity at the joints by computationally model-
ing the effects of passive components. These virtual compo-
nents use real-time feedback information from the leg and
apply their resultant torque to the joints using the actuating
motors.

The two primary criteria that are used to judge the per-
formance of the swinging leg are energy efficiency and sta-
bility. Energy efficiency is evaluated using the specific cost
of leg swinging—a quantity derived from the definition of
the specific cost of transport (Kram and Taylor 1990)—and
is defined as the energy required to swing a unit mass leg a
unit stride length:

σ = Em

MgLs
(1)

where σ is the specific cost of leg swinging, Em is the ac-
tive energy injected into the leg by the motor, M is the mass
of the swinging leg, and Ls is the leg’s stride length (i.e.,
the horizontal distance that the leg’s center of mass trav-
els during a single stride). For brevity, we refer to the spe-
cific cost of leg swinging as energetic cost for the remain-
der of this paper. The stability of the leg is determined us-
ing Poincaré sections and Floquet theory (Strogatz 1994;

Nayfey and Balachandran 1995). The maximum Floquet
multiplier, MFM , is calculated empirically using a se-
quence of perturbations to the system, and the system is
deemed stable if |MFM| is less than unity.

4 Methods

Experiments were performed on two systems—a single pen-
dulum and the complete leg model (i.e., a double pendu-
lum with knee-angle asymmetry). The single pendulum was
tested because it provided a simple means of exploring the
fundamental behavior and performance limitations of this
type of neurally controlled, closed-loop system. For each
configuration, we examined the energetic cost reduction that
occurred with the use of either a simple, constant joint stiff-
ness or a more complex, variable stiffness profile, which em-
ulates the true passive-stiffness properties of the human leg.

For each experiment, the following three variables were
investigated:

• θab [rad] is the actuation bias angle, or the joint angle
about which the HCO feedback is biased

• θsb [rad] is the stiffness bias angle, or the joint angle about
which the passive-stiffness function is biased

• K [Nm/rad] is the gain of the passive-stiffness function

For clarity, θab and θsb are assumed to be non-negative (i.e.,
correspond to flexion angles) for all analysis in this paper
(Fig. 2).

4.1 Passive elasticity

Constant joint stiffness was implemented by applying linear
elastic elements (e.g., normal linear springs) that produced
the following joint torques:

Γs,h = Kh(θh − θsb,h) (2)

Γs,k = Kk(θk − θsb,k) (3)

where Γs,h and Γs,k are the stiffness torques applied at the
hip and knee, and Kh and Kk are the gains of the hip and
knee stiffness functions.

Variable joint stiffness was implemented as a nonlinear
trajectory that, as in humans, varies smoothly as a func-
tion of joint angle. We chose to use an existing model that
was developed by curve-fitting empirically measured human
data (Riener and Edrich 1999). This “Physiological Model”
incorporates uniarticular and biarticular muscles such that
the passive stiffness of each joint is a function of both hip
and knee angle. Although we planned to incorporate the ef-
fects of biarticular muscles, this model’s stiffness functions
were path dependent and not energy conserving, making
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Fig. 2 Mass properties and angle definitions of the swinging leg
model. Lt and Ls represent the length of the thigh and shank, respec-
tively. Lcm,t represents the distance from the hip to the thigh center of
mass. Lcm,s represents the distance from the knee to the shank center
of mass. θh represents the angle of the thigh relative to the vertical.
θk represents the angle of the shank relative to the thigh

analysis of elastic energy storage difficult. We chose to sim-
plify the Physiological Model by removing the stiffness con-
tribution made by biarticular muscles. To remove the contri-
bution, we chose angles for each joint that were at the mid-
point of their typical range of motion and used these values
for the “biarticular” joint angle each time stiffness was cal-
culated. The modified equations of the Physiological Model
that we used to implement variable joint stiffness are:

Γs,h = Kh

(
4.05e−4.30θh − 2.43e1.75θh + 8.07

)
(4)

Γs,k = Kk

(
7.52e−2.02θk − 0.02e2.84θk + 9.21e−8.60θk

− 4.82
)

(5)

where the coefficients in the arguments of the exponents are
unitless and all remaining coefficients and constants are in
units of radians. The effective bias angle of each curve, θsb,h

and θsb,k, were found by determining the joint angle at which
stiffness torque is zero.

To avoid complex implementation issues in the robotic
model, we used virtual model control to actively imple-
ment both forms of passive stiffness. We ignored the en-
ergy needed to implement passive stiffness when calculat-
ing the energetic cost because these passive-stiffness com-

Table 2 Canonical parameters used for the single pendulum experi-
ments

Description Parameter Canonical value

HCO time constant τ1 0.75 sec

Joint damping B 0.14 Nm sec/rad

Feed-forward gain Gff 9.50

Feedback gain Gfb 10.50

ponents do not require external energy when attached physi-
cally. Therefore, we chose not to penalize the energetic cost
of our experimental leg controller based on our experimental
implementation method.1

4.2 Single pendulum model

We assessed the potential benefit of incorporating passive-
stiffness properties into robotic joints by first reducing the
leg model to a single-degree-of-freedom pendulum. This
was done by locking the knee such that the pendulum had
the mass properties of the entire leg (M = 10.80 kg, L =
0.864 m, Lcm = 0.371 m, J = 0.846 kg m2). We chose val-
ues for the remaining system parameters by removing pas-
sive stiffness from the model and performing a optimiza-
tion (Table 2). Stiffness was removed for the optimization
so that the canonical parameter set would be independent of
the stiffness function chosen.

4.3 Double pendulum model

The only difference between the single- and double-pendu-
lum models is the ability for the knee to bend during leg
swing. For consistency with the single-pendulum model,
the double pendulum used all of the same parameter val-
ues listed in Table 2. With the knee able to bend, the value
of an additional parameter—knee damping (Bk)—had to be
determined. We found that setting Bk equal to 1.00 Nm/rad
provided a balance of low energetic cost, reasonable max-
imum Floquet multiplier value (0.71), and underdamped
motion that produces significant knee rotation (±0.32 rad).
Lower damping values produced lower energetic costs but
moved the system closer to instability. Higher damping val-
ues caused the knee to become overdamped and limited its
movement.

Double pendulum experiments were performed both with
and without asymmetric restrictions on knee angle. In hu-
mans, two mechanisms are responsible for knee-angle asym-

1Despite our method of calculating energetic cost for this research, true
energetic cost reduction can only occur when passive stiffness is indeed
implemented passively. At present, few techniques exist that can pas-
sively produce arbitrary joint stiffness profiles (Migliore et al. 2007;
English and Russell 1999).



124 Auton Robot (2010) 29: 119–135

metry: (1) a gradual restriction provided by passive mus-
cle properties and (2) a hard stop provided by the physi-
cal construction of the knee (e.g., the anterior cruciate lig-
ament) (Piazza and Delp 1995). In the initial experiments,
we did not include the hard-stop component; we relied com-
pletely on passive stiffness to prevent hyperextension. We
then added the hard stop and compared the performance.

To model the knee-angle hard stop, we chose a high-
stiffness element that begins applying torque when the knee
is near full extension and rapidly increases torque output as
extension increases. We modeled the hard stop according to
the following equation:

ΓHS = 1.0 Nm/rad · e−15.0 θk (6)

where ΓHS is the torque produced by the knee-angle hard
stop.

4.4 Experimental technique

We first collected baseline data for the single pendulum by
removing passive stiffness from the joint and by measuring
the effect θab had on both the energetic cost and the stability
(maximum Floquet multiplier) of the system. We then added
constant passive stiffness to the joint and determined if re-
gions in the θab, θsb, K parameter space existed such that
the energetic cost was reduced without significantly reduc-
ing stability (increasing the maximum Floquet multiplier).

From (1), energetic cost is minimized when the pen-
dulum produces large strides with minimal active energy.
Therefore, the energetic cost increases (1) when the oscilla-
tion amplitude diminishes, which produces smaller a stride
length or (2) when the center of the oscillation becomes off-
set from θab, which increases the feedback (error) signal to
the controller and causes the controller to produce higher
levels of active energy (actuator work).

To determine whether the single pendulum system could
benefit from the use of variable passive stiffness, we re-
placed the constant stiffness function with the physiologi-
cally based model. We used the variable hip stiffness func-
tion for the single pendulum because the mass properties of
this pendulum were chosen to match those of the entire leg.
Parameter searches with the variable stiffness were limited
to the K , θab parameter space because θsb is fixed by the
stiffness model.

A similar experimental procedure was followed with the
double pendulum. Baseline data was collected by remov-
ing stiffness from the hip and knee and sweeping θab. Then,
the following experimental conditions were assessed both
with and without the hard knee stop included: (1) constant
stiffness at the hip only, (2) constant stiffness at the knee
only, (3) constant stiffness at both joints, (4) variable stiff-
ness at the hip only, (5) variable stiffness at the knee only,
and (6) variable stiffness at both joints.

Several experimental permutations exist for both the sin-
gle and double pendulums, such as which stiffness function
to use and which parameters to sweep. To simplify testing,
we assessed the performance of each system using a two-
step process. The first step was to fix the value of θab to ei-
ther a zero or non-zero value and then to sweep the values of
each stiffness parameter. (For the non-zero value, we chose
θab = 0.15 rad because this value approximates the center
of the hip’s range of motion during normal human walking
(Hurmuzlu et al. 1994).) This step was used to quickly iden-
tify good operating regions and behavioral trends. The sec-
ond step was to fix the stiffness parameters and sweep θab.
This step provided a more detailed understanding of how en-
ergetic cost, stability, and HCO output were affected by the
choice of actuation bias angle.

5 Results

The energetic cost of swinging either the single or double
pendulum can be reduced by applying stiffness at one or
both joints. Energetic cost reductions (relative to the no-
stiffness case) of approximately 25% can be achieved us-
ing hip stiffness, provided that θab is non-zero, and cost re-
ductions of approximately 66% can be achieved using knee
stiffness (with the double pendulum).

5.1 Single pendulum model

Both constant and variable passive-stiffness functions are
capable of reducing the energetic cost; the amount of re-
duction is a function of θab and the stiffness-function pa-
rameter(s). The variable stiffness provides no benefit that
warrants its complicated implementation, and neither stiff-
ness function significantly affects the stability of the system.
These results are presented in detail in the remainder of this
section.

Figure 3A presents the effect that constant passive stiff-
ness has on the system when θab is zero. Regardless of the
stiffness parameter values, the inclusion of constant passive
stiffness results in an increased energetic cost. This cost in-
crease occurs for two distinct reasons: (1) when θsb is zero,
the passive stiffness pulls the pendulum towards the origin
(θ = 0 rad), restricting oscillation amplitude and (2) when
θsb is non-zero, the passive stiffness pulls the pendulum
asymmetrically away from θab, increasing feedback signal
magnitude (and therefore increasing actuator work). In ei-
ther case, energetic cost increases in a manner directly re-
lated to K .

When θab is non-zero, the pendulum joint requires addi-
tional torque to oscillate symmetrically about θab because
gravity pulls asymmetrically towards the origin. In the ab-
sence of passive stiffness, gravity causes the pendulum to
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Fig. 3 Effect of actuation bias angle on energetic cost reduction in
the single pendulum. (A) With θab = 0.00 rad, any constant stiffness
function, regardless of parameters chosen, increases energetic cost.
(B) With θab = 0.15 rad, constant stiffness is capable of reducing ener-
getic cost, given appropriate parameter regions. The individual traces
in each plot correspond to fixed values of θsb. The arrows indicate the
effect of increasing θsb from 0.00 to 1.00 rad in increments of 0.10 rad

oscillate about an angle between zero and θab. In this case,
actuator torque is used asymmetrically to “flex” the pen-
dulum’s joint toward θab and gravity provides all of (or
most of) the restoring torque. When gravity provides all of
the restoring torque, the CPG controller’s output becomes
uniphasic such that a non-zero output occurs only during the
flexion phase of the oscillation.2

Figure 3B presents the effect that constant passive stiff-
ness has on the system with θab = 0.15 rad. Adding passive
stiffness in this case can either reduce or increase the ener-
getic cost depending on the relationship between θab and θsb

and on the value of K . When θsb is small relative to θab, the
stiffness assists gravity in pulling the pendulum away from
θab, causing the energetic cost to increase (e.g., the top trace

2Uniphasic behavior is possible because the output of a Matsuoka os-
cillator is the difference of two half-wave rectified “neuron” output sig-
nals, and strongly asymmetric feedback can drive one of these signals
low enough that it never exceeds zero.

in Fig. 3B). As θsb increases, the stiffness begins to counter
the gravitational effect by storing elastic potential energy as
the pendulum joint extends toward the origin and releasing
it as the pendulum joint flexes. By countering gravity, this
passive elasticity reduces the level of active energy used and
therefore lowers the energetic cost (e.g., the bottom traces in
Fig. 3B).

Figure 3 was most useful in determining ranges of pa-
rameters that produced energetic cost reduction. Figure 3A
demonstrates that passive stiffness is not beneficial regard-
less of parameter values when θab is aligned with gravity.
Figure 3B demonstrates that when θab = 0.15 rad, energetic
cost is minimized when the passive-stiffness function uses
high values for θsb and low values for K . The maximum
level of energetic cost reduction saturates at about 26% with
θsb = 1.0 rad and K = 6.0 Nm/rad. Increasing θsb above
1.0 rad can further reduce energetic cost by 1.5%, but doing
this significantly reduces the range of K values that produce
energetic cost reduction.

Figure 4 shows the effects θsb and K have on the perfor-
mance of the single pendulum as θab is varied. The values
of θsb and K used for these experiments were chosen using
the beneficial parameter ranges from Fig. 3B as a guideline.
The energetic cost reduction plots (Figs. 4A and 4B) show
that as either K or θsb increase, the potential reduction
in energetic cost increases, along with the value of θab

at which the reduction is maximized. The stability plots
(Figs. 4C and 4D) show that increasing K moves the sys-
tem towards instability, while increasing θsb maintains the
overall stability level. (Stability is discussed in more detail
later in this section.)

Figure 4 demonstrates that three distinct operating re-
gions exist in this system. The first region, which has al-
ready been discussed, occurs when θsb � θab and all ac-
tuator torque is used to flex the joint away from the ori-
gin towards θab. This region is characterized by a uniphasic
CPG output and can be seen as the flat regions to the left of
the troughs in Figs. 4C and 4D. Within this region, increas-
ing θsb reduces the level of energetic cost because the stiff-
ness begins countering the gravitational torque, which re-
duces actuator work. The second region occurs as θsb contin-
ues to increase and passive-stiffness torques approximately
counter the gravitational torque. This operating region is
characterized by a biphasic CPG controller output and can
be seen as the troughs in Figs. 4C and 4D. At some value
of θsb, the two phases of the CPG controller output are sym-
metric. This operating point occurs at the trough minima in
Figs. 4A and 4B and represents the value of θsb that produces
the most energetically efficient and stable oscillation dynam-
ics (given values for θab and K). When θsb is slightly above
or below this value, the CPG controller maintains biphasic
output but the duty cycle of the phases are unequal, the ener-
getic cost is higher, and the stability is reduced. The third op-
erating region occurs when θsb � θab and all actuator torque
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Fig. 4 Effect of constant passive stiffness on the energetic cost re-
duction (plots (A) and (B)), and stability (plots (C) and (D)) of single
pendulum swinging. Plots (A) and (C) demonstrate the effect of setting
θsb equal to 0.45 rad and performing tests with K equal to 0.0, 7.0,
14.0, and 21.0 Nm/rad. Plots (B) and (D) demonstrate the effect of

setting K equal to 21.0 Nm/rad and performing tests with θsb equal
to 0.0, 0.15, 0.30, and 0.45 rad. The arrow in each plot indicates the
direction of increasing the test parameter. The thick gray lines indicate
the system performance without stiffness applied

is used to extend the pendulum’s joint away from θsb and to-
wards the origin. This region is characterized by a uniphasic
CPG output with the sign of the output opposite that of the
first region.

The preceding analysis details the effect of sweeping θsb.
Similar performance and operating regions occur when K is
swept, provided that θsb is nonzero. We have chosen not to
include the description here for brevity.

The parameters θsb and K have slightly varying effects
on stability. Figures 4C and 4D show that increasing either
parameter causes the traces to shift toward larger θab values.
Increasing K also shifts the traces vertically toward larger
maximum Floquet multiplier values, indicating that a side
effect of varying stiffness gain is that system stability is re-
duced. However, the largest increase from baseline was only
14% and this increase did not produce behavioral changes
significant enough to be noticed by visual inspection.

Based on the performance of the constant stiffness func-
tion, we expected that the variable stiffness function would
also be capable of reducing energetic cost because the effec-
tive bias angle of the variable stiffness function (0.70 rad)
exceeds all tested values of θab. The experimental results
(Fig. 5) show that variable stiffness affects the energetic
cost (Fig. 5A) and stability (Fig. 5B) of pendulum dynam-
ics in a manner qualitatively similar to constant stiffness.
Furthermore, all operating regions described for the con-
stant stiffness case (including the energy efficient biphasic
region) were replicated with the variable stiffness by vary-
ing Kh.

The dashed traces in Fig. 5 demonstrate that the vari-
able stiffness effects can be nearly replicated by constant
stiffness with θsb set equal to the inherent bias angle of
the variable stiffness (0.70 rad). Additionally, the maximum
energetic cost reduction is approximately the same for the
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Fig. 5 Effect of variable (physiological) passive stiffness on the ener-
getic cost (A) and stability (B) of pendulum swinging. The solid traces
represent the variable stiffness function with Kh set equal to 0.0, 0.15,
0.30, and 0.45 Nm. The dashed traces represent the constant stiffness
function with θsb = 0.70 rad and Kh = 3.00, 6.00, and 8.00 Nm/rad. In-
creasing values of K and Kh are indicated by the arrows in each plot.
The thick gray lines indicate the system performance without stiffness
applied

variable (25%) and constant (27%) passive-stiffness func-
tions.

5.2 Double pendulum

In Sect. 5.1, we showed that energetic cost can be reduced
in the single pendulum only when the actuation bias angle,
θab, is non-zero. In this section, we demonstrate that in the
double pendulum, this property is true only for hip stiffness.
Knee stiffness, especially that which prevents knee hyper-
extension, can provide energetic cost reduction regardless
of actuation bias angle.

We did not include analysis of the effects stiffness has on
the maximum Floquet multiplier in this section because, as
with the single pendulum, the effects were limited and did
not significantly influence the dynamics of the system.

As with the single pendulum model, the first experiment
was performed to identify regions in parameter space that

produce the largest energetic cost reductions for both zero
and non-zero values of θab. Figures 6A and 6B show that
constant stiffness at the hip affects the double pendulum in a
manner qualitatively similar to that of the single pendulum.
This was expected because the only difference between the
two cases is whether the knee is allowed to symmetrically
bend.

Knee stiffness has a significantly different effect on the
dynamics than hip stiffness (Figs. 6C and 6D). When θab is
zero, the most energetically beneficial approach is to apply
knee stiffness with a zero bias angle and a high gain. This
stiffness restricts the magnitude of knee oscillations without
expending energy (in contrast to the effects of a damping
element) such that the knee remains near the origin. As a re-
sult, the double pendulum is able to transfer kinetic and po-
tential energy during swinging with an efficiency closer to
that of the single pendulum. Energy is expended in the case
of the free-swinging knee because energy is used to hyper-
extend and hyperflex the knee, and these movements act to
diminish stride length and increase the amount of actuator
work required to maintain constant-amplitude oscillations.
When the knee stiffness bias angle (θsb,k) is increased, the
knee becomes asymmetrically biased towards flexion, and
the energetic cost increases. Knee flexion bias causes a cost
increase because interaction torques produce a hip flexion
bias, and, as a result, the CPG controller expends additional
active energy to keep hip-angle oscillations centered about
the origin.

When θab is non-zero (Fig. 6D), the double pendulum
is much more sensitive to changes in the value of the knee
stiffness gain (Kk) than to changes in θsb,k. For the range of
parameters tested, increasing Kk reduced the energetic cost
by up to 48%; increasing θsb,k only reduced the energetic
cost by up to 7%. The difference in the magnitude of these
effects is a result of the two parameters working in different
ways. As Kk is increased, the magnitude of the knee oscilla-
tions are restricted, which improves the transfer of mechan-
ical energy. As θsb,k is increased, an effective hip bias angle
is created (via interaction torques) that promotes hip flexion
and reduces the level of active energy expended. The larger
effect of changing Kk indicates that efficient mechanical en-
ergy transfer is more important than assistive joint torques
in reducing energetic cost in this system.

We used Figs. 6B and 6D and similar plots for the vari-
able stiffness (not shown) to determine a canonical set of
stiffness parameter values (Table 3) that could be used to
compare the relative efficacy of each stiffness implementa-
tion. With the exception of the variable hip stiffness gain,
we chose the value of each parameter as that which pro-
duced the lowest energetic cost. The value of the variable
hip stiffness gain was chosen separately because all non-
zero values of this parameter produce increased energetic
cost, and therefore cost is minimized when the gain is zero.
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Fig. 6 Change in energetic cost of double pendulum swinging with
constant passive stiffness applied to the hip and knee. The individ-
ual traces in each plot correspond to fixed values of θsb. In Plots (A)
and (B), constant stiffness is applied only at the hip, and the knee
swings freely with no restrictions applied. The arrows indicate the

effect of increasing θsb,h from 0.00 to 12.00 rad in increments of
2.00 rad. In Plots (C) and (D), constant stiffness is applied only at the
knee. The arrows indicate the effect of increasing θsb,k from 0.00 to
0.60 rad in increments of 0.10 rad

Table 3 Canonical stiffness parameters used for the double pendulum
experiments

Stiffness type Parameter Canonical value

Constant Kh 0.30 Nm/rad

Kk 4.00 Nm/rad

θsb,h 12.00 rad

θsb,k 0.60 rad

Variable Kh 0.30 Nm/rad

Kk 1.00 Nm/rad

To compare the effect of this parameter with all others, we
arbitrarily chose the value of the variable hip stiffness gain
to be = 0.30 Nm/rad.

Using the canonical stiffness parameters, we conducted
a series of experiments that demonstrate how the various

stiffness implementations affect the energetic cost of dou-
ble pendulum swinging. The results (Fig. 7) indicate that
constant hip stiffness, constant knee stiffness, and variable
knee stiffness reduce energetic cost and that the amount of
reduction can be increased with the application of the knee-
angle hard stop. In contrast, the use of variable hip stiffness
increases energetic cost.

Constant hip stiffness (Fig. 7A) affects energetic cost in a
manner similar to that of the single pendulum: at low values
of θab, energetic cost is increased because the stiffness asym-
metrically pulls the joint away from θab, increasing actuator
work; at higher values of θab, energetic cost decreases in a
manner directly related to Kh. The level of energetic cost
reduction at higher values of θab is increased when the knee-
angle hard stop is applied because the restriction improves
the transfer of mechanical energy between the shank and
thigh. The increased energy transfer allows the hip to reach
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Fig. 7 Effects of constant and variable passive stiffness on the ener-
getic cost of double pendulum swinging. Each trace represents a single
set of stiffness parameters and the arrows indicate the effect of increas-
ing the stiffness gain from zero to its canonical value (Table 3). Solid

traces represent the double pendulum experiments performed without
the knee-angle hard stop, and dashed traces represent experiments with
the hard stop

more flexed angles and centers the hip oscillation closer
to θab.

The most energetically beneficial operating point for the
constant hip stiffness function occurs when the value of θsb,h

is large and the value of Kh is small. This trend indicates

that constant hip torque could produce larger energy reduc-
tions than an elastic torque, which changes magnitude as
the hip angle varies. A comparison of the relative bene-
fits of using elastic and constant hip torque is shown later
in Fig. 8.
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Fig. 8 Comparison of the effects various stiffness implementations
have on energetic cost. The energetic cost values were chosen from
Fig. 7 at θab = 0.15 rad. The labels at the bottom of the plot indicate
which passive-stiffness implementation was used and are defined as
follows: None—no stiffness at either joint, CH—constant hip stiffness,
CHT—constant hip torque, VH—variable hip stiffness, CK—constant
knee stiffness, VK—variable knee stiffness, CH+CK—constant stiff-
ness at both joints, and VH+VK—variable stiffness at both joints

Variable hip stiffness (Fig. 7B) affects energetic cost in a
manner qualitatively similar to that of constant hip stiffness
for low values of θab (i.e., increasing Kh increases energetic
cost). Unlike constant hip stiffness, at higher values of θab,
variable hip stiffness increases energetic cost in a manner di-
rectly related to Kh. Although the addition of the knee-angle
hard stop reduced the energetic cost, variable hip stiffness
consistently produces cost increases that are directly related
to stiffness gain. Therefore, at any value of θab, the use of
variable stiffness at the hip increases energetic cost.

Constant knee stiffness (Fig. 7C) reduces energetic cost
for all values of θab, and the reduction level is directly re-
lated to Kk. The knee-angle hard stop can provide energetic
cost benefit, but this effect is limited primarily to low-gain
stiffness. Furthermore, once the hard stop has been applied,
stiffness does not provide additional benefit of any signifi-
cance. In these tests, energetic cost reduction is achieved by
preventing the knee from hyperextending and therefore pro-
moting the efficient transfer of kinetic energy between the
shank and thigh during swinging. The significant benefit of
the hard stop arises because this mechanism prevents knee
hyperextension by design.

Variable knee stiffness (Fig. 7D) has a similar effect to
constant knee stiffness. The level of energetic cost reduction
is higher than the constant stiffness case because the variable
stiffness trajectory can create high stiffness near the origin
without the side effects of either (1) having a large bias an-
gle that hyperflexes the knee or (2) having a large stiffness
gain that rigidly holds the knee and prevents natural swing
dynamics. As with the constant knee stiffness, the addition
of the hard stop does not provide significant benefit.

Figures 7E and 7F show the effect of applying stiffness at
both the hip and knee. In both the constant and variable stiff-
ness cases, the application of the knee-angle hard stop had
no significant effect. The maximum amount of energetic cost
reduction was approximately the same in both cases (57% in
the constant stiffness case and 59% in the variable stiffness
case). The only difference was that the minima occurred at
different values of θab (0.18 rad in the constant stiffness case
and 0.22 rad in the variable stiffness case).

To quantitatively compare the different methods of ap-
plying passive stiffness, we selected the value of the ener-
getic cost in each case at θab = 0.15 rad, which is the center
of the hip’s range of motion during normal human walk-
ing (Hurmuzlu et al. 1994). The results (Fig. 8) demonstrate
that nearly all of the stiffness implementations are capable
of reducing energetic cost. The one exception—variable hip
stiffness—does not reduce energetic cost because this im-
plementation produces passive hip torques that decrease sig-
nificantly as the hip flexes. We found previously that the
hip passive-stiffness functions that produce the largest en-
ergetic cost reduction have large bias values and small gain
values. Because these functions produce torques that remain
approximately constant as the hip rotates, we sought to max-
imize the energetic cost reduction by replacing the passive
stiffness with a constant torque. The results show that with-
out the knee-angle hard stop, variable stiffness, which has
a small bias angle of 0.70 rad, increases energetic cost by
24%; constant hip stiffness, which has a large bias angle of
12.00 rad, reduces energetic cost by 21%; and a constant
hip torque of 3.80 Nm, which can be considered a stiffness
function with infinitely large bias angle, reduces energetic
cost by 24%.

The largest energetic cost reduction in these experiments
was achieved using variable knee stiffness. Because these re-
sults depend on the choice of canonical parameters, the more
important observations are that (1) mechanisms that restrict
the knee from hyperextending—the knee-angle hard stop,
constant knee stiffness, and variable knee stiffness—can
provide significant reduction in energetic cost and (2) hip
elasticity with a low bias angle can increase energetic cost.

5.3 Robotic leg validation

All analysis in this study was performed using our compu-
tational model of leg swinging because this approach pro-
vides a fast and relatively simple means of exploring the role
of a wide-range of parameters. Additionally, computational
models offer the unique ability to measure performance
quantities non-invasively and without expensive hardware.
Experimentation with the physical robotic model is crucial,
however, to physically validate the experimental results in
an environment subject to noise, difficult-to-model friction,
and real-world limitations on the system’s actuators and sen-
sors. Because robotic experiments take significantly more
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Fig. 9 Robotic validation of data presented in Fig. 3 demonstrating
that passive joint stiffness only produces energetic cost reduction in
the single pendulum system when actuation bias angle is non-zero.
The individual traces in each plot correspond to fixed values of θsb.
The arrows indicate the effect of increasing θsb from 0.00 to 0.45 rad
in increments of 0.15 rad. The computational model used the follow-
ing parameter values: θab = 0.00, 0.15 rad; K = 0.0–50.0 Nm/rad; and
θsb = 0.0–1.0 rad

time to run than computational experiments (the computa-
tional model runs at ∼25× real time), we did not replicate
all experimental data. Rather, we chose to validate sample
experiments for both the single- and double-pendulum sys-
tems. Figure 9 replicates the results of Fig. 3, which demon-
strates that a non-zero actuation bias angle, θab, is required
for passive joint stiffness to produce energetic cost reduc-
tions in a single pendulum. Figure 10 replicates the results of
Fig. 4, which demonstrates that the amount of energetic cost
reduction in a single pendulum is a function of the passive-
stiffness gain and the actuation bias angle. (It is also a func-
tion of the passive-stiffness bias angle but these results were
not replicated.) Finally, Fig. 11 replicates the results from
Fig. 6, which presents the effects of varying the hip and knee
passive-stiffness bias angles on the energetic cost reduction
in the double pendulum.

Fig. 10 Robotic validation of data presented in Fig. 4 demonstrating
that the total energetic cost reduction in the single pendulum system
is a function of θab and θsb. In each plot, the traces correspond to
fixed values of K , and the arrows indicate the effect of increasing K

from 0.0 to 12.0 Nm/rad in increments of 4.0 Nm/rad. The computa-
tional model used the following parameter values: θab = 0.00–0.30 rad;
K = 0.0–21.0 Nm/rad; and θsb = 0.45 rad

The qualitative trends in each robotic data figure corre-
spond well their computational counterparts. The primary
difference in the data was that the energetic cost reduction
was smaller in the robotic experiments than in the compu-
tational experiments. This difference resulted from a limit
we encountered in the total amount of torque the joint actu-
ators could produce. In a production-level robot, the passive
torques would be applied by passive elastic components, but
our choice to use virtual model control in this lab-based
system required that the actuators produce both the active
and passive torques. As a result, we reduced the total torque
demand on the actuators by limiting the range of parame-
ters tested. Nonetheless, despite the physical limitations of
our robotic implementation, the data presented in this sec-
tion validates that passive joint stiffness can reduce energetic
cost in robotic leg swinging.
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Fig. 11 Robotic validation of data presented in Fig. 6. Passive hip
stiffness only improves the energetic cost of double pendulum swing-
ing when the actuation bias angle is non-zero (A and B). Passive knee
stiffness can reduce energetic cost regardless of actuation bias angle;
nonzero values of θsb,k produce less energetic cost reduction when
θab is zero and produce more when θab is non-zero (C and D). In
Plots (A) and (B), the traces correspond to fixed values of θsb,h, and the
arrows indicate the effect of increasing θsb,h from 0.0 to 12.0 rad in

increments of 4.0 rad. The corresponding parameters used in the com-
putational model were: θab = 0.00, 0.15 rad; K = 0.0–1.0 Nm/rad;
and θsb = 0.0–12.0 rad. In Plots (C) and (D), the traces correspond
to fixed values of θsb,k, and the arrows indicate the effect of increas-
ing θsb,k from 0.0 to 0.6 rad in increments of 0.2 rad. In this case,
the corresponding parameters used in the computational model were:
θab = 0.00, 0.15 rad; K = 0.0–5.0 Nm/rad; and θsb = 0.0–0.6 rad

6 Discussion

In this paper, we demonstrated that emulating the physio-
logical use of passive stiffness in passive-dynamic robots
can reduce the energetic cost of leg swinging without sig-
nificantly affecting stability. Using a single-joint pendulum,
we showed that both constant and variable passive-stiffness
functions are capable of reducing the energetic cost but that
the variable stiffness provides no benefit that warrants its
complicated implementation. Using the double pendulum,
we showed that knee stiffness, especially that which pre-
vents knee hyperextension, provides the largest energetic
cost reduction.

We tested the system with two types of passive elastic
elements—constant stiffness springs and a physiologically
based variable stiffness trajectory. In the development of
walking robots, the use of constant stiffness is preferable be-
cause it can be implemented easily by attaching linear elas-
tic elements (e.g., off-the-shelf springs) about a joint such
that they apply torque in parallel with the actuators. The dis-
advantage to using constant elasticity is that the designer
is forced to choose one stiffness value that is acceptable
for all leg configurations and at all phases of movement.
Alternatively, variable stiffness components produce joint
torque as a function of joint angle in a physiological manner,
but their implementation in robotic systems is significantly
more complicated. We avoided the implementation obstacle
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in this research by using virtual model control to actively im-
plement all forms of passive stiffness. (We did not consider
the energy used to virtually implement the passive-stiffness
components when calculating energetic cost.)

We hypothesized that passive stiffness at the hip could
reduce energetic cost by countering the gravitational torque
and, therefore, reducing the actuator load. Using both the
single and double pendulum models, we determined that this
hypothesis is valid only when the hip actuation bias angle
does not correspond to the direction of gravity (θab �= 0 rad).
Furthermore, using the double pendulum, we found that the
hip stiffness function that produced the lowest energetic cost
had a high stiffness bias angle and a low stiffness gain value.
This type of function most closely resembles a constant
torque because the joint angle does not significantly affect
torque level. In comparing constant stiffness, variable stiff-
ness, and constant torque, we found that the level of en-
ergetic cost savings was highly dependent on bias angle.
Variable stiffness, which has a relatively low bias angle, in-
creased energetic cost; constant stiffness, which has a high
bias angle, decreased energetic cost significantly; and con-
stant torque provided the maximum cost decrease.

We also hypothesized that passive stiffness at the knee
could reduce energetic cost by promoting the transfer of
kinetic energy between the shank and thigh during swing-
ing. We found that energy transfer improved with all mech-
anisms that restrict knee hyperextension, including the con-
stant stiffness, the variable stiffness, and the knee-angle hard
stop. In our experiments, variable knee stiffness provided
the largest reduction in energetic cost. A post-hoc analy-
sis showed that the reason for the superior performance
of the variable stiffness function was that it is essentially
a combination of a constant knee stiffness (biased about
θk = 0.29 rad) and an exponential-stiffness knee stop. The
constant stiffness component increases the magnitude of
knee flexion during swing, which increases the shank’s ki-
netic energy at knee extension; the hard stop component im-
proves the amount of this kinetic energy that is transferred
to the thigh. Increasing the level of thigh kinetic energy re-
duces energetic cost because larger-amplitude leg swinging
is produced.

Passive-stiffness properties were found to also benefit the
energetic cost of leg swinging by preventing non-conser-
vative collisions at knee strike. The elastic hard stop used
in these experiments passively stores potential energy as
the knee reaches its extension limit during forward (ante-
rior) swinging. This energy is then released during back-
ward (posterior) swinging to produce increased knee flex-
ion. Passive-dynamic walking robots commonly allow the
shank to swing forward until it impacts a rigid limit created
by the physical construction of the knee. At impact, kinetic
energy is dissipated, and a latch engages that prevents the
knee from flexing during stance (Collins and Ruina 2005;

Wisse et al. 2007). By reusing rather than dissipating en-
ergy, out method reduces the energetic cost of leg swinging
by approximately 7%.3

We found that variable stiffness at either joint during leg
swinging does not present a benefit that justifies its more
complex implementation because (1) the variable hip stiff-
ness actually increases energetic cost and (2) the perfor-
mance of the variable knee stiffness can be theoretically re-
produced by altering the parameters of the linear stiffness
and exponential hard stop functions (data not shown). In a
true mechanical implementation, however, nonlinear elastic
components may still be necessary to implement the expo-
nential knee-stop stiffness.

Using the variable stiffness functions as models of hu-
man joint stiffness, our experimental data suggest that the
energetic cost of human leg swinging is decreased by pas-
sive knee stiffness and increased by passive hip stiffness.
A likely explanation for the poor performance of the hip
stiffness in our experiments is that the human leg’s passive-
stiffness properties are better tuned to the swing phase of
walking rather than to the more uncommon behavior of iso-
lated leg swinging. The primary difference between these
behaviors is that, in the swing phase of walking, the leg ac-
quires much of its needed energy from ankle plantarflexion;
in isolated swinging, the leg relies solely on less-efficient hip
flexion. Because the leg receives a large burst of mechanical
energy from plantarflexion, passive hip stiffness torque at-
tenuates as the hip flexes, and a small burst of hip extension
torque is used to actively stiffen the joint and prevent hy-
perflexion (Doke et al. 2005). The swinging leg model does
not include plantarflexion. As a result, passive hip stiffness
maintains large-amplitude oscillations by continuing to pro-
duce flexion torque during late swing rather than attenuat-
ing. This behavior corresponds to high-bias stiffness or a
continuous torque.

Although this study focused on the task of leg swinging,
our results suggest that passive-stiffness properties would
also increase the energy efficiency of walking. Previous
studies have shown that the metabolic cost of leg swing-
ing during walking is 10% (Gottschall and Kram 2005) and
the metabolic cost of propulsion is 48% (Grabowski et al.
2005). This research has shown that the energetic cost of
leg swinging can be reduced 66% by using passive stiffness
at the knee alone. Furthermore, passive knee stiffness could
also reduce the energetic cost of propulsion in walking be-
cause the energy stored during late swing (i.e., knee exten-
sion) could contribute directly to propulsion during mid- to
late-stance. A significant limitation in relating our experi-
mental approach to walking is that we did not include the

3This comparison was made using a simulation of the double pen-
dulum model in which the elastic hard stop was replaced with the
impact model from Marhefka and Orin (1999) using n = 1, k =
50000 Nm/rad, and α = 0.4.
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ankle, which provides the largest amount of passive energy
storage during walking. We chose to ignore the ankle be-
cause its role is insignificant in no-contact swinging. How-
ever, the Achilles tendon has been shown to passively store
and reuse up to 50% of the body’s mechanical energy during
walking (Sasaki and Neptune 2006). Therefore, in addition
to lowering the energetic cost of leg swinging by 66%, we
expect that passive elasticity can significantly reduce the en-
ergetic cost of propulsion in walking.

In summary, we have demonstrated that passive joint
stiffness can be used to reduce the energetic cost of robotic
leg swinging. We have validated our hypotheses (1) that hip
stiffness can reduce energetic cost by producing anti-gravity
torques that lower the amount of required actuator work
(provided a high stiffness bias angle was used) and (2) that
knee stiffness can reduce energetic cost by promoting the
efficient transfer of kinetic energy between the shank and
thigh at knee extension. Experiments were performed using
a computational model and were validated using a full-scale
robotic leg. Physiological models of human joint stiffness
proved beneficial at the knee and detrimental at the hip. Con-
stant stiffness combined with a limit on knee hyperextension
produced comparable results to the physiological stiffness
model without requiring complicated implementation tech-
niques. We expect that passive energy storage will be more
effective in walking because the amount of passive energy
stored in the ankle is significantly larger than that stored in
the hip and knee.
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